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Abstract

This paper proposes a model selection criterion for clas-
sification problems. The criterion focuses on selecting mod-
els that are discriminant instead of models based on the Oc-
cam’s razor principle of parsimony between accurate mod-
eling and complexity. The criterion, dubbed Discriminative
Information Criterion (DIC), is applied to the optimization
of Hidden Markov Model topology aimed at the recognition
of cursively-handwritten digits. The results show that DIC-
generated models achieve 18% relative improvement in per-
formance from a baseline system generated by the Bayesian
Information Criterion (BIC).

1. Introduction

Model selection, that is, the process of choosing a struc-
ture or an order of a model remains a critical part of any
signal processing technique. Until now, the Occam’s razor
principle has been the guiding principle for model selec-
tion. The Occam’s razor principle proposes the selection of
models that best fit the data among competing complexities.
It is the principle of parsimony: a model should be sim-
ple enough for efficient computation and complex enough
to be able to capture data specifics. Also, it is argued that
the Occam’s razor principle helps generalization: a complex
model is likely to over-fit the data while a simpler model can
smooth out noisy characteristics of the source distribution.

The Occam’s razor principle derives naturally from in-
formation theoretic consideration and the Bayesian frame-
work of pattern recognition. The Information Theory view-
point has proposed such criterion such as the Minimum De-
scription Length (MDL), which minimizes the codelength
of a message [1]. The Bayesian framework maximizes the
posterior of the model structure, given a body of data. A
typical instance of the Bayesian framework is the Bayesian
Information Criterion (BIC) [9], which maximizes the like-

lihood of the data while penalizing large-size models. BIC
has been applied to various tasks in model selection includ-
ing estimation of finite mixture densities and filter order
estimation. It has been argued that both the Information
Theory viewpoint and the Bayesian viewpoint are equiva-
lent [1]. Both viewpoints has led to model selection criteria
that are the sum of two terms: a model-fitting term and a
term that measures the complexity of the models. In this
paper, we consider the Bayesian framework as the repre-
sentative of the Occam’s razor principle.

Although Occam’s razor principle has been quite suc-
cessful in a wide range of tasks in pattern recognition,
experimental evidences show that Occam’s razor princi-
ple does not necessarily select the best performing mod-
els when used within a classification task [6]. In particu-
lar, classical Bayesian-based model selection criteria focus
on estimating models using within-class statistics, without
regard to competing classification categories. For classifi-
cation problems, Bayesian-based model selection may not
be appropriate.

This paper introduces a model selection criterion aimed
at classification problems. The Occam’s razor principle is
replaced by the discriminative principle. The goal is not
to select the simplest model that best explains the data, but
to select the model that is the less likely to have generated
data belonging to competing classification categories. The
proposed model selection criterion is discriminative in the
sense that the model is selected in regard to the classifi-
cation task by making use of data that belong to compet-
ing classes, thus introducing knowledge of the classification
task in the model selection process. Since the criterion fo-
cuses on determining discriminant models, the performance
of the resulting models is increased when compared to a
system based on Occam’s razor principle.

The proposed criterion is tested within a complex mod-
eling architecture represented by a Hidden Markov Model
(HMM) and is compared to BIC. The goal is to select both
the number of states and the number of mixtures of Gaus-
sians in a Continuous Hidden Markov Model-based online
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handwriting recognition system.
We first review classical Bayesian-based model selection

techniques, and then introduce the derivation of the pro-
posed discriminative model selection technique. Finally, we
describe an application of the proposed criterion to optimiz-
ing the topology of an HMM aimed at cursively-written on-
line handwritten digit recognition.

2. The Model Selection Problem in the Classi-
fication Context

We are given a set of M categories or classes fCi : i =
1; :::;Mg. The classification task is to assign an incoming
pattern x to one the classes. Decoding is based on the Bayes
classification theory, which chooses the class Ci that yields
the maximum value of P (Ci j x), the posterior probabil-
ity of the class, given the data. By using the Bayes rule,
the Bayes decoding process is equivalent to maximizing the
product of the class-conditional probability P (x j Ci) and
the prior probability of the class P (Ci). That is,

x belongs to Ĉ if Ĉ = argmax
Ci

P (x j Ci)P (Ci) (1)

where x is the input data to the system, typically a sequence
of training vectors. The Bayes classification scheme is guar-
anteed to minimize the probability of error [3].

For each class Ci, there is a set of Li candidate models,
fMil : l = 1; :::; Lig; each model Mil, viewed as the union
of the model structure (or topology)Til and the parameter of
the model �il, implements the class-conditional probability
P (x j Ci) as P (x j Til; �il). Also, for each class Ci, we
assume the availability of a representative data set Xi.

The model selection problem consists of selecting a sin-
gle topology Til as sole representative of the class Ci. This
is done by devising a selection criterion C(�) such that for
each class Ci,

choose Til if Til = argmax
Tik

C(Tik): (2)

Various model selection paradigms are devised by a judi-
cious choice of the criterion function C(�).

2.1. Bayesian Model Selection

The Bayesian model selection criterion chooses the
topology that yields the highest value of the posterior prob-
ability of the topology, given the data, P (Til j Xi), which
by taking the log, and making use of the Bayes theorem, is
equivalent to setting

C(Til) = log(P (Xi j Til)) + log(P (Til)): (3)

The Bayesian selection method is based on the joint prob-
ability P (Til)P (Xi j Til), composed of the prior of the

model structure P (Til), which describes our preference for
a particular topology, and the term P (Xi j Til), which is the
probability of the topology Til generating the given data set
Xi; this term is sometimes referred to as the evidence [7] or
the integrated likelihood [4]. It has been argued that the dual
effect of the prior and the evidence implements the Occam’s
razor principle [7, 9].

A common practice in Bayesian model selection is to
ignore the prior over the structure P (Til) (which means as-
suming equal prior across all the topologies of the class) and
using the evidenceP (Xi j Til) as the criterion for model se-
lection. The evidence is computed by integrating over the
entire parameter set as follows:

p(Xi j Til) =

Z
p(Xi j Til; �il)p(�il j Til)d�il: (4)

2.2. Bayes Factor

Let us consider two competing topologies Til and Tik
of class Ci. Using the Bayes theorem, the ratio of their
posterior probability can be broken down as

P (Til j Xi)

P (Tik j Xi)
=

P (Xi j Til)

P (Xi j Tik)

P (Til)

P (Tik)
: (5)

The quantity

Bi
lk =

P (Xi j Til)

P (Xi j Tik)
(6)

is called the Bayes factor [4] for topology Til against topol-
ogy Tik within class Ci and is used in statistics to select one
topology over the other when all topologies are all equally
likely a priori.

2.3. Bayes Factor Criterion

Bayes factors have been widely used in hypothesis test-
ing, where the goal is to test the validity of the null hypoth-
esis against the alternative. In this section, we embed the
Bayes factors into a model selection criterion that can be
used straightforwardly in pattern recognition applications.

Let

Bil =

8<
:

Li�1Y
k=1;k 6=l

Bi
lk

9=
;

1

Li�1

(7)

be the geometric mean of the Bayes factors of the topology
Til against competing topologies of class Ci. We define
the Bayes Factor Criterion of model or topology Til as the
logarithm of Bil :

logBil = logP (Xi j Til)�

PLi�1
k=1;k 6=l logP (Xi j Tik)

Li � 1
(8)
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The Bayes Factor Criterion of model or topology Til is the
difference of two terms: the first term is the evidence of the
model, given the data Xi. The second term is the average
of the evidence for competing models to Til. For each class
Ci, it is straightforward that:

l̂ = argmax
l
P (Xi j Til) () l̂ = argmax

l
Bil : (9)

The model that yields the highest evidence also yields the
highest value of the Bayes Factor Criterion and vice-versa.
Hence, the Bayes Factor Criterion directly implements the
Bayesian principle of model selection.

2.4. Bayesian Information Criterion

A key problem in Bayesian-based model selection is the
computation of the evidence P (Xi j Til). The integral
in Eq. (4) is often intractable when complex architectures
are involved and must be evaluated by means of numerical
methods, such as Markov Chain Monte-Carlo [5] or through
an approximation such as the Laplacian approximation.

The Laplace method of integral approximation [9, 8],
which has been extensively used in computing the integral
in Eq. (4), assume that the function

g(�) = p(X j T ; �)p(� j T )

is strongly peaked at the most probable parameter-set �MP .
A Taylor expansion around the optimum of the logarithm of
this function leads to a tractable form of the evidence:

p(X j T ) � p(X j T ; �MP )

p(�MP j T )(2�)
K
2 det(A)�

1

2

(10)

where K is the number of free parameters in the model and
A = �r2 logP (� j X; T )j�=�MP

. This approximation
introduces a relative error of order O(N�1), where N is
the size of the data set. As N increases, det(A) tends to
Nk det(I), where I is the Fisher information matrix for a
single observation. �MP is approximated by the maximum
likelihood (ML) estimate �ML, as the function g(�) is dom-
inated by the likelihood term p(X j T ; �). Using these
conditions and taking the logarithm of Eq. (10) lead to the
following approximation of the evidence:

log p(X j T ) � log p(X j T ; �ML) + log p(�ML j T )

+
k

2
log(2�)�

k

2
logN �

1

2
log(det(I)):

(11)

The above approximation, which introduces anO(N� 1

2 )
relative error, can be straightforwardly computed over the
original integral form of Eq. (4) and is commonly the first
step in the derivation of most Bayesian selection criteria.

Asymptotically, the prior of the parameters p(�ML j T )
tends to multivariate Gaussian densities with means �ML

and covariance I�1. These conditions lead to the BIC, de-
fined as

logP (XijTil) � BIC(Til) (12)

= log p(Xi j Til; �̂il))�
Kil

2
logNi

where �̂il is the Maximum Likelihood estimate of the pa-
rameter of the model Mil, Kil is the number of free param-
eters in the model, andNi is the size of the data setXi. BIC
is the sum of the likelihood and the term Kil

2 logNi, which
can be viewed as a penalty on the number of free param-
eters in the model. To account for the fact that probability
estimates are not accurate, a regularizing parameter is intro-
duced, leading to the following form of the BIC:

BIC(Til) = log p(Xi j Til; �̂il))� �
Kil

2
logNi (13)

where � > 0 is the regularizing term.

3. Discriminative Model Selection

The derivation of the discriminative model selection fol-
lows a path similar the derivation of the Bayes Factor Crite-
rion described in section 2.2 and section 2.3. Unlike, BIC,
the proposed discriminative model selection criterion takes
into account the goal of the models, which is the classifi-
cation task. This task-oriented model selection criterion is
more adapted to the classification problem.

3.1. Discriminant Factors

We define the discriminant factor of model Til against
class Cj as

Di
lj =

P (Xi j Til)

P (Xj j Til)
: (14)

The quantity P (Xj j Til) is an evidence-like term com-
puted by making use of data set Xj belonging to the com-
peting class Cj . We refer to this term as the anti-evidence
of model Til against Cj . The anti-evidence measures the
capacity of the corresponding model to generate data be-
longing to competing classes. The ratio of the evidence and
the anti-evidence is thus a measure of the model capacity to
discriminate data from the two competing classes. Unlike
the Bayes factor, which compares within-class models, the
discriminant factor compares a model against a competing
class by making use of the data set Xj generated by models
of the competing class Cj .

Now, let

Di
l =

8<
:

M�1Y
j=1;j 6=i

Di
lj

9=
;

1

M�1

(15)
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be the geometric mean of the discriminant factors of model
Til. The Discriminant Factor Criterion (DFC) is simply the
logarithm of Di

l . That is,

DFC(Til) = logP (Xi j Til)�

PM�1
j=1;j 6=i logP (Xj j Til)

M � 1
:

(16)
Unlike the Bayes Factor criterion, the Discriminant Fac-
tor Criterion is the difference between the evidence of the
model, given the corresponding data set, and the average
over anti-evidences of the model. By choosing the model
which maximizes the evidence, and minimize the anti-
evidences, the result is the best generative model for the
correct class and the worst generative model for the com-
petitive classes; this scheme thus selects the most discrimi-
nant models, resulting in an improved accuracy in regard to
the classification task.

3.2 Discriminative Information Criterion

Application of the DFC as represented in Eq. (16) re-
quires the estimation of the evidence and the anti-evidence
terms. We define the Discriminative Information Criterion
(DIC) as an approximation of the DFC, where evidences
and anti-evidences are replaced by their BIC approximation
as defined in Eq. (12). That is,

DIC(Til) = logP (Xi j Til; �̂il)�
PM�1

j=1;j 6=i
log P (Xj jTil;�̂il)

M�1

+ Kil

2(M�1)

PM�1
j=1;j 6=i log

Nj

Ni
(17)

The DIC is the sum of two terms. The first
term is a difference between the likelihood of the data,
logP (Xi j Til; �̂il), and the average of anti-likelihood
terms, logP (Xj j Til; �̂il), where the anti-likelihood of the
data Xj against model Mil is a likelihood-like quantity in
which the data and the model belong to competing cate-
gories. The second term Kil

2(M�1)

PM�1
j=1;j 6=i log

Nj

Ni
is zero

when all data sets are of the same size. Considering that
the first term contributes the most to the discriminative ca-
pabilities, we used in this paper the following approximated
version of the criterion:

DIC(Til) = logP (Xi j Til; �̂il) (18)

�
�

M � 1

M�1X
j=1;j 6=i

logP (Xj j Til; �̂il):

Again, the parameter � > 0 acts as a regularizer, a nec-
essary term to compensate for the non-optimality of likeli-
hood and anti-likelihood estimates.

4. HMM Topology Selection

In recent days, Hidden Markov modeling has enjoyed
a widespread use in both on-line and off-line handwrit-

ing recognition. This success of HMM is explained by its
high flexibility in modeling variable-length sequence and
the existence of easy-to-use learning algorithms, such as
the Expectation-Maximization (EM) -algorithm, that en-
ables the re-estimation of model parameters, given an a pri-
ori chosen HMM topology. The HMM topology, defined
in this context as the number of states, the number of mix-
tures per state and the transition between states, directly in-
fluences the modeling capacity of the model. Its choice is
crucial for achieving a high-performing system. The HMM
topology, however, is usually chosen heuristically, leading
to a sub-optimality of the model, where the optimal model
is the one that yields the smallest error-rate. Previous work
on HMM topology optimization has been tackled through
various approaches, ranging from state-splitting techniques
[10] or state-reducing techniques [11], using the likelihood
as the optimization criterion. As has been argued, the like-
lihood criterion is a poor choice for model selection as the
likelihood increases incrementally with the number of pa-
rameters. Although Bayesian techniques have been applied
successfully to HMM topology optimization [6, 2], there is
no guarantee that the resulting model are optimal in regard
to error minimization.

The HMM is characterized by its topology T and its pa-
rameters �, given this topology. T is defined by the num-
ber of states in the model, Q, the number of Gaussian mix-
tures per states, L, and the connecting architecture between
the states. As the connectivity between states is preset, the
topology of the HMM is uniquely characterized by the num-
ber of states and the number of mixtures per state. In this
paper, we assume a left-to-right topology with a two-state
transition where all states have the same number of mix-
tures. A model M = fT ; �g is viewed as the union of the
model structure or topology T = fQ;Lg and the parame-
ter of the model � = fA; �;�; !g, where A is the transi-
tion matrix probability, �;�; ! are the set of means, the set
of covariance matrices and the set mixing weights, respec-
tively.

4.1 Model Selection Procedure

We assume the availability of three data sets: a training
data set, used for training the HMMs, a held-out set used
for computing the selection criteria and a test set. The steps
for the model selection procedure are as follows. For each
model selection criterion, first, train various HMMs config-
urations (obtained by varying the number of states and the
number of mixtures per state), using the ML criterion on the
training data set. Second, use the held-out set to compute
the values of the selection criterion for all configurations
and select the configuration that yields the highest value of
the model selection criterion.
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4.2 Tasks and Database

The task is the recognition of freely-written digits. A
training set of 9796 tokens, written by 100+ writers was
used for training various HMM configurations using the EM
algorithm. The held-out set comprises 4554 tokens written
by 20+ writers. The test set was a subset of the Unipen
database, comprising 2603 tokens.

At the front-end of the recognizer, the input handwriting
signal is segmented, normalized, re-sampled and then fea-
ture extraction is performed from a moving window along
the time-series. A nine-dimensional vector is created for
each frame using PCA (Principal Component Analysis).

4.3. Experimental Results

Table 1 illustrates the best recognition accuracy for DIC
and BIC across a wide range of values of the parameter
�. Clearly, DIC outperforms BIC in terms of performance:
more than 18% relative decrease in error rate. As expected,
the DIC system exhibits a higher number of parameters than
BIC.

Table 1. Recognition rate of BIC and DIC in the digit
recognition task

Criterion Rec. Rate #states #parameters
BIC 93.97 87 1692
DIC 95.08 101 4299

Figure 1 shows the recognition rate versus the parame-
ter �. Clearly, DIC exhibits higher performance than BIC
across a wide range values of the regularizing parameter.
This result shows that DIC, as expected, is more oriented to
the goal of classification that BIC is.

All experimental results indicate that DIC is better than
BIC for achieving a high-performing system. This is done,
however, at the cost of larger system, confirming that the
Occam’s razor principle does not necessarily lead to the best
system for classification problems.

5. Conclusion

We have proposed the Discriminative Information Crite-
rion (DIC) as a criterion suited for classification task. The
criterion was applied to optimizing the topology of a Con-
tinuous Hidden Markov Model. Application to the clas-
sification of cursively-written digits shows that the DIC-
generated system realizes more than 18% relative error rate
reduction when compared to classical BIC criterion.
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Figure 1. Recognition rate for DIC and BIC as
function of the parameter �.
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