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Abstract

In this paper the problem of harmonic wave propagation in a pre-stressed, incompressible
elastic plate is investigated. Specifically the situation where one principal direction of the
primary deformation is normal to the plate and the direction of propagation is at an angle 6
to one of the in-plane principal direction is considered. The dispersion relation is derived in
respect of a general strain energy function and numerical solutions presented for a Mooney-
Rivlin material. The dispersion curves are shown to be more complex in nature than those
associated with propagation along a principal direction, as the solution arising from the hor-
izontally polarised shear wave does not uncouple. An asymptotic analysis, for high and low
wave number, is carried out with the high wave number expansions providing a good approxi-
mation to the numerical solution over a large wave number region. The paper also includes an
investigation of the effects of changes in the normal Cauchy stress and direction of propagation

on the existence of surface waves.

1 Introduction

Primarily motivated by the increasing industrial application of laminated structures, theoretical
study of wave propagation and vibration in layered media has been an area of considerable recent
research activity. Within the framework of linear elastodynamics there has been a huge number of
contributions,an extensive list of references may be found in the recent review article by Chimenti
[1]. In comparison, there have been surprisingly few investigations aimed at elucidating the effects
of pre-stress on the dynamic characteristics of layered media. When a solid is subject to pre-stress,
either arising in manufacture or by the action of external forces, its dynamic behaviour can be
greatly effected. In particular, the underlying pre-stress may be of a form as to make the structure

unstable with respect to small amplitude time dependent superimposed motions.



The first attempts to examine the effects of pre-stress on wave motion in bounded and semi-
infinite media where seemingly in the context of surface waves, see e.g. Hayes and Rivlin [2] and
Favin [3]. More recent contributions, within the same context, were made by Chadwick and Jarvis
[4] and Dowaikh and Ogden [5]. Readers are referred to this latter paper for a detail list of early
references. In the case of an elastic plate several recent studies have considered the plane strain
problem involving propagation along a principal direction in a plate composed of incompressible
elastic, see e.g. Ogden and Roxburgh [6], Rogerson and Fu [7] and Rogerson [8]. Additionally, the
problems of flexural and extensional waves have been considered in 4-ply incompressible laminated
plates, see Rogerson and Sandiford [9] and Rogerson and Sandiford [10]. The effects of shear have
also been investigated by Connor and Ogden [11] and Connor and Ogden [12] in the contexts of
surface waves and plate waves, respectively. In this case the direction of propagation does not
coincide with one of the principal directions.

In this paper the effect of pre-stress on the propagation in small amplitude waves in an incom-
pressible elastic plate is considered. In particular one of the principal axes of primary deformation
are normal to the surface of the plate and the direction of propagation is at an angle 6 to one of
the in-plane principal directions. In addition to yielding more information concerning the effect of
pre-stress on dynamic response, it is envisaged that the results will have relevance to layered me-
dia in which all layers have only one common normal principal direction. Additionally, to further
motivate the present study we cite the increasing use of rubber-like components. The industrial
application of such components is widespread, including engine mounts, off-shore structure flex
joints and vibration insulators. In particular, it is noted that the application of rubber-like com-
ponents as vibration insulators in bridges and tall buildings has specific relevance to earthquake
protection, see Seridan et.al [13].

In section 2 of this paper the governing equations are derived and the dispersion relations
associated with flexural and extensional waves are derived. In section 3 some numerical solutions,
giving phase speed as a function of wave number, are presented in respect of a Mooney-Rivlin strain
energy function. It is observed, in contrast to the plane strain case, that there exists three finite
long wave limits. In the short wave limit the harmonics tend to the lower of two associated shear
wave speeds and the fundamental mode tends to the associated surface wave speed. The existence
of this surface wave speed is dependent on pre-stress and when it does not exist the fundamental
mode tends to the appropriate shear wave speed. A further feature observed numerically is that
harmonics associated with either flexural or extensional waves intersect. In the plane strain case
this phenomenon does not occur. By considering propagation along one of the in-plane principal
directions it is establishes that similar behaviour occurs if the dispersion relation associated with the
horizontally polarised shear waves is included. In the plane strain case the solution corresponding

to this wave uncouples from that arising from the two other displacement component.



In section 4 the dispersion relation is investigated analytically in both the high wand low wave
number regions. Equations are derived for the long wave limit of the fundamental modes and
all corresponding finite limits of the harmonics. In the high wave number region one possible
limit of the fundamental mode is the surface wave speed. The corresponding equation is derived
and the existence of such waves investigated both in respect of changes in the normal Cauchy
stress and angle of propagation. The paper is concluded with the derivation of high wave number
approximations for the phase speed associated with each harmonic. These are shown to provide

good agreement with the numerical solution.

2 Derivation of governing equations

Consider a single layer plate of width 2k which is formed of a pre-stressed incompressible elastic
material of finite thickness and infinite lateral extent. An appropriate Cartesian coordinate system
is chosen coincident with the principal axes of the right Cauchy-Green strain tensor in a pre-stressed
equilibrium state B, such that the origin O lies in the mid-plane and Oz5 is normal to the plane of
the plate. The linearised form of the equation of motion for a pre-stressed incompressible material

has previously been derived, see for example Dowaikh and Ogden [5], and takes the form
Bjikug,ij — pl; = pis, (2.1)

in which Bjjp; are components of the elasticity tensor, u the infinitesimal displacement, p the
material density, p* a time dependent pressure increment and a comma and dot indicate differen-
tiation with respect to x and time, respectively. The three components of the linearised equation

of motion (2.1) may be written explicitly as

Bii11ui,11 + (Bii22 + Bai12)ug 12 + Bai21u1,22

+ (B1133 + Ba113)us 13 + Baiziu1,33 — p'y = piiy,  (2.2)

(Bi221 + Ba211)u1,12 + Bi212ug 11 + Bagaous 22

+ (B2233 + Ba223)u3 32 + Baazauz 33 — p'y = piia, (2.3)

(Bi331 + Bssi1)u1,13 + (Bass2 + Bsga2)u2 23 + Bis13us 11

+ Basazusz 22 + Baszzug 33 — pls = piiz.  (2.4)

A measure of linearised traction increments has also been previously obtained in the form

Ti = (Bjukur, + puj; — p*0i5) ny, (2.5)



in which p is a static pressure in B, and n is the unit outward normal to a material surface in
B., see e.g. Dowaikh and Ogden [5]. For the plate in question n = ;2 and the components of

incremental surface traction are given explicitly by

71 = (Ba112 + P)uz,1 + Baio1ui 2, (2.6)
To = Bog11ui,1 + (Bagaz + P)ug 2 + Basgsug s — p*, (2.7)
3 = (Bass2 + P)uz,3 + Basasus o. (2.8)

The equations of motion (2.2)—(2.4) must be solved in conjunction with the linearised incompress-
ibility constraint u; ; = 0. Solutions of these equations are now sought in the form of the travelling

wave

(Uh us, us,p*) — (U7 ‘/, VV, kP)ekqwg eik(xl sin O+x3 cos (9—'ut)7 (29)

in which k is the wave number, v is the phase speed, 6 is the angle of propagation relative to the
Ozxg axis and ¢ is to be determined. If solutions of the form indicated in equation (2.9) are inserted

into equations (2.2)—(2.4) we obtain the three equations of motion

U(q*Bai21 — Bi111 sin? @ — Baysy cos® 0 4 pv?) 4 iV (Biiaa + Bai12)gsin
—W (Bi133 + B3113) sinf cos§ — iPsinf = 0, (2.10)
iU(Bi221 + Ba211)gsing + V(g Bagos — Bi212sin® 0 — Baass cos® 0 + pv?)
+iW (Baass + Bsaas)qcos — gP = 0, (2.11)
—U(Bi1331 + Bss11) sinf cos 0 4 iV (Bassa + Bssaz)q cos b

+W(32323q2 — 31313 Sil’l2 0— 33333 COS2 0 + p'U2) —iPcosf = 07 (212)
and the linearised incompressibility constraint
1sin U + qV +icos OW = 0. (2.13)

On making use of the incompressibility constraint to eliminate V in favour of U and W within
equations (2.10), (2.11) and (2.12), three simultaneous equations in three unknowns are obtained

which possess non-trivial solutions provided

Y217230° + ¢*{ (21 + 723)pv* — 1 } + P (p*v* — papv® + pi3)

+ (g — po?)(pv® — pi5) =0, (2.14)



within which

p1 = Y21 (113 8in” 0 4 2053 cos® ) + ya3(y31 cos® § 4 2612 sin® 6)

po = (23 4+ Y13 + 2812) sin® 0 4 (721 + Y31 + 2323) cos> 6,

s = (712 sin? 0 + 35 cos? 0) (723 sin? 0 + o1 cos? 0) + 2512713 sin* 9
+ 2023731 cos® 0 + sin®  cos® 0{ 13731 + 4B130623 — 07},

g = Y12 8in° 0 + 30 cos? 6,

s = Y13 sin 0 4 31 cos* 0 4 2313 sin? 6 cos? 6, (2.15)
and
Yij = Bijijs 20i; = Biiis + Bjjj5 — 28155 — 2Byjj4,
0 = Bi2 — P13 — Po3, € = a3 — P12 — B3,

where ¢ is defined here for future use. If the roots of equation (2.14) are denoted by ¢%, g3 and ¢3 the
solutions of U, V., W and P are obtainable as linear combinations of the six linearly independent

solutions, thus

[
NE

3
V=> vem Vgl vemE

U gem-Npt L gCm -,
m=1 m=1
3 3
w=>y werbpt L wemp- =Y _ pem-UE: 4+ PCME., (2.16)
m=1 m=1

where E}f = exp(kqnmza), E, = exp(—kgnmxs) (m = 1,2,3), and U®D, VO W and PO
(i=1,2,...,6) are disposable constants. The four sets of six disposable constants for JA2NR 740N
W@ and P are not independent as they are linked through the equations of motion and the
incompressibility constraint. By making use of equations (2.10), (2.11), (2.12) and the incompress-

ibility constraint (2.13) we may obtain

i@ f (@ms V%) 1 m—1) 1 @m) o o
U= Z Tp’u) (V Em -V Em) S 0,

m=1

V= Z (V(2m71)ETJrrL + V(2m)E;L),

(2.17)
W 3 Hmhansst) et e o ) conp,

= gm, pv?)

Z qmg qm,pv (Vem-D gt _yCmE)

o C(gm, pv?)



where

f(Gm, pv*) =72347, — y138in° 0 + & cos” 6 + pv?,
h(gm, pv*) =72143, + €sin® 0 — 31 cos® 0 + pv?,
9(qm, Pvz) =f(gm, PWQ){’qurzn + sin” 0(Bi122 + Bai12 — Biii1) — 731 cos® 6 + pUQ}
+ h(gm, P”UQ) cos” 0(Bi122 + Ba112 — Bi13z — Bs113),
C(Gmsy pv*) =¢2, (723 802 0 + o1 cos? ) + pv? — ps.
Note that in the above derivations it is implicitly assumed that sin€ # 0 and cos 6 # 0. Similarly,

explicit representations of the traction increments may be found by inserting equation (2.17) into

equations (2.6)—(2.8), thus

Z q F(gm, pv*) {V(Qm—l)E:;L + V(Q”L)E;}sin 0,

G, pV?)
Z qm Qm7pv ){V(QTR_I)E,,—; _ V(QW)E;L}7 (218)
C(qm, pv?)
m=1
Z 5 Qm7/w2 {V(Qm_l)E;; + V(Qm)E;L} cosf,
G, pV?)

within which
F(qm, pv*) =C(qm, pv*) (Y21 — 02) + 12141 f (G, pv°),
G (Gm, pv?) = — Yo1723q2, + sin’ 0 cos? (521 + eya3 + 0% — 4313803 + 2023072)
+ qfn{vzs{(wlz + 721 — 02) sin® 6 + 731 cos? O — pv?}
+ Y21{ (223 + Y23 — 02) cos® § + Y13 sin®  — PU2}}

+ (pv* = 713) (y31 — pv*) + sin® B(pv® — y135in” 0) (2612 + Y21 — 02)
+ cos? H(pv2 — Y13 c0s? 0) (2023 + Y23 — 02),
H(Qnu PUQ) :C(QTVH pv2)(r}/23 - 02) + 723(17271/1(%“ pU2).

The dispersion relation associated with the plate is now derived from equations (2.18) by

applying traction free boundary conditions on each free surface, namely 71 = 7 =73 =0 on x5 =



+h, thus

3 2
Z F(mep'l;){v@m—l)ekth + V(2m)€_kth} frng 07 (219)
oo C(%mpv )
3 2
Z F(q"“p'l} ){V(2m_l)€_kth + V(2m)6kth} = 07 (220)
oo C(%mpv )
3 2
S M{V@m—nekw _ v@m)e—kth} o, (2.21)
oo’ C(qm,p’UQ)
3 2
M{V@m—we—kw . v<2m>ekth} —o, (2.22)
oo’ C(qm,p’UQ)
3
H (gm, pv*) { - -
) y@m=1)gkamh |y, @m)—kamh L — o 2.23
Z: C(qm,p’UQ) ( )
3
H(gm, pv°) { —1y -
) V(2m 1)6 kah_’_V(zm)ekth =0. 2.24
C(qm,p’UQ) ( )

The symmetry of the single layer under consideration about zo = 0 allows us to simplify the
system of 6 homogeneous equations in 6 unknowns (2.19)—(2.24) into two systems of 3 equations
in 3 unknowns, which then yield the dispersion relations associated with flexural (symmetric) and
extensional (anti-symmetric) waves. The full dispersion relation from the layer is formed from the
product of these two relations.

Anti-symmetric solutions (in V) are obtained by adding equation (2.19) to (2.20), (2.23) to
(2.24), and subtracting (2.21) from (2.22), to obtain

3
F(qm, pv*
Z (q vpv2)v7;‘,l»cm:0,
(Gm; pv°)

-
A

(2.25)

within which C,, = cosh(kgnh), Sy = sinh(kgnh) and Vi = V=1 1 yCm) (1 =1 2 3).

m

Similarly, the system of equations associated with symmetric solutions are obtained by subtracting

equations (2.19) from (2.20), (2.23) from (2.24), and adding (2.21) to (2.22), to yield

3
F(qm, pv?

Z (QHPUQ)Vw:Sm_
1C(Qmapv)

3 2
Z Q7nG(CI7mP2U )VWZCm —
C(qm, pv?)

3
F(qm, pv*)
Yo I Py S =0, 2.26

C(QmapUQ) " ( )



where V

m

= Y (@m=1) _y(@m) The condition that the system of equations (2.25) and (2.26) admit
a non-trivial solution gives rise to the dispersion relations associated with flexural and extensional

waves, respectively.

2.1 Flexural waves
For flexural waves equation (2.26) is satisfied by taking y@Em=1) — y@m) thus U, V and W have

the form

3
= 2sinf Z Gm qm’pUQ))S yem oy =29 Z C,, V),
y PU —
m=t (2.27)
qm7 pU ) 2
_QCOSHqum m,pvz)S i ACUDN
and equation (2.25) possesses non-trivial solutions provided
F(qu,pv*)Cy F(gz,pv*)Co  F(g3,pv*)Cs
T11G(q1,pv*)S1 42G(g2, pv*)S2  43G(g3, pv*)S3| = 0, (2.28)
H(q,pv*)C1 H(gz,pv*)C2  H(gs, pv*)Cs

3 _

where T =[] _, C(gm, pv?) 7"
Expanding the determinant in equation (2.28) provides an explicit representation of the dis-
persion relation associated with flexural waves, which after a little algebraic manipulation, may be

cast in the form

a1 G(q1, po*)Y(g2, a3, pv°) (45 — 63)T1 — @2G (g2, pv*)¥ (a1, g3, pv°) (aF — 43)T>

+ 043G (a3, )0 (ar, a2, pv*)(gf — 43)T5 =0, (2.29)
within which T,,, = tanh(kq,,h) (m = 1,2,3) and 9 (a, b, pv?) is defined as
»(a,b, pv?) = 1217250V a?6 + 21723(v23 = 21) (00° — ps)(a® +07) + 12,
where

M) = (721 cos® 0 + Y23 sin” 0 + pv?) (23 — Y1) — Y21 {0 cos® O — 713 sin” 0}

+ ’723{6 sin 0 — 31 cos? 9},

@ = (p? - ,U{,){’}Ql(’}/gg — 03){8 cos® 0 — y13sin® 0 + pv?}

— y23(Y21 — 0'2){6 sin? @ — y13 sin? 6 + pvz}}.



2.2 Extensional waves

The dispersion relation associated with extensional waves is obtained by taking Vm—1) = —y(2m)

and from equation (2.26) we therefore require that

F(qi,pv*)S1  Flgz,pv*)S2  Fl(gs, pv?)Ss
T |1 G(q1, pv*)C1 ¢2Glq2, pv*)C2  q3G(gs, pv?)Cs| = 0. (2.30)
H(Q17P'U2)Sl H(Q27pU2)SQ H(q37pv2)s3

The associated forms of U, V and W are now

3 3
. o fam p?) ¢ 1 m) (2m)
U sin Z_llq (G pO°) z_l
" "= (2.31)
3
_ - h(qm7 P'Uz) (2m)
W—QCOSGZZQm72 SV .

C(qm, pv?)

m=1
Evaluating the determinant in equation (2.30) leads to the dispersion relation associated with
extensional waves, an explicit representation of which is given, after a little algebraic manipulation,

by

a1G(q1, po*)Y(q2, a3, pv°) (43 — 43)ToTs — 2G(g2, pv°) (a1, 43, pv°) (G — @3)Ti T

+ g3G(g3, po* )0 (a1, @2, p0*) (qf — )W T2 = 0, (2.32)

in which G(q,pv?) and (a, b, pv?) are defined immediately below equations (2.18) and (2.29),

respectively.

3 Numerical results

Various numerical solutions of the dispersion relations (2.29) and (2.32) are presented here for a
set of parameters, at various values of 8, generated using the Mooney-Rivlin strain energy function

_a
T2

&

w A+ A3+ 23 -3) + 7@% +AIA3 + A3N3 - 3), (3.1)

in which C; and Cs are material constants and ); is the principal stretch along Oz;. From equation

(3.1) the corresponding values of ;; and (3;; are obtained in the form
Yij = A(CL+2C2A8), 2By = (A7 + A)(C1 + 2C2A7), (3.2)

for i,j,k € {1,2,3 : k # i,k # j}. For all numerical cases discussed in this paper in the high
wave number region one value of ¢ is imaginary, with the others either real or forming a complex
conjugate pair. Moreover, if without loss of generality we assume ¢; = i¢; then §; — 0 as kh — oo.

A trivial examination of equation (2.14) shows that there are two possible wave speeds meeting this



Mooney-Rivlin Material
C1 =2.0,Co=0.4, A2 =3.695, \2 = 0.7, \3 = 0.387, 02 = 0.8

Y12 = 8.533 Y21 = 1.617 2812 = 10.149
Y13 = 9.459 Y31 = 0.990 2615 = 10.449
o3 = 3.469 ~v32 = 1.916 2023 = 5.385
Variation of the limiting speed and vy with 6

0 fa/p Hs/p VR

15 1.536 1.248 1.232

45 2.286 2.286 2.179

75 2.844 2.982 2.836

Table 1: Material parameters used in generating the figures.

criteria, these being v = \/m and v = \/m The possible limiting wave speeds exemplified
by |g1] — |g2| as kh — oo, see e.g. Rogerson [8], are left for further work. At this stage we note
that throughout this paper when we refer to phase speed we strictly mean a scaled phase speed
defined by 92 = pv?. A similar notion will also apply to the Raleigh surface wave speed.

The set of figures (1)—(6) have been generated for the material parameters shown in table (1).
For these parameters the high wave limit of the harmonics changes from pv? — s to pv2 — g
as the angle of propagation increases, with the two shear wave speeds being equal when 6 ~ 45°.
Figures (1) and (2) show the first twenty-five branches of the flexural and extensional dispersion
relations, respectively, for an angle of propagation § = 15°. The high wave number limit of the
fundamental mode is distinct from that of the harmonics, with the fundamental mode tending
(from below) to surface wave with speed o = 1.232 and the harmonics asymptoting (from above)
to a shear wave speed, given by pv? = ps. It is reiterated that this high wave number limit occurs
when one of ¢1, g2 and g3 is imaginary, the other two being real or (as in this case) complex
conjugates. The wave speed region where this holds true lies within ps < pv? < py. In the low
wave number region only the fundamental mode has a finite wave speed in the flexural case, whilst
the extensional dispersion relation possess a finite wave speed limit for both the fundamental mode
and first harmonic. We observe a ‘ghost’ line forming around v = 1.536, which is formed by the
higher harmonics flattening and coming close together as they pass through the value of the second

shear wave, given by pv? = 4, associated with this layer.
[Figures 1 and 2 about here.]

When the angle of propagation is increased to 45° in figures (3) and (4) we find that for these

parameters the two shear waves associated with ¢ = 0 have approximately the same speed (identical

10



to eight decimal places), this being © = 2.286. The high wave number phase speed limit of the
harmonics is therefore now pv? = iy = pus = 5.224. In general, the angle at which this occurs, if
any, is readily deduced from the definitions of u4 and ps and will arise if

A5 — AT

tan29 = S5 o A<
AT =ATX3)

2 0.

Additionally, the most striking change to the dispersion curves is that the fundamental mode now
has a high wave number limit quite distinct from that of the harmonics. The fundamental mode
has a limiting wave speed of v = 2.179, which corresponds to a Rayleigh surface wave. As the two
shear wave speeds associated with ¢ = 0 are almost equal figures (3) and (4) do not exhibit the
ghost lines seen in previous figures, although the harmonics still give the impression of crossing

over.
[Figures 3 and 4 about here.]

When the angle of propagation is increased to 75°, figures (5) and (6), we see that now uy < ps
and the high wave number limit of the harmonics is given by pv? = . The fundamental mode
of both extensional and flexural waves tends to a surface wave speed of vp = 2.8359. Figure (6)
shows most clearly the two possible limiting values of extensional waves as kh — 0. These two
limiting wave speeds, along with the surface wave equation, will be discussed in more detail in a

later section.
[Figures 5 and 6 about here.]

From these numerical solutions we have three low wave number limiting wave speeds associated
with the single layer, which is in direct contrast to the two possible limiting wave speeds found
by Rogerson and Fu [7] for a direction of propagation parallel to the Oz axis and under an
assumption of plane strain. However, three low wave number limiting wave speeds have previously
been observed by Nayfeh [14] when presenting numerical solutions for wave propagation at an
arbitrary angle in a multi-layered linear anisotropic media. The three limiting wave speeds obtained
by Nayfeh are characterised as one quasi-longitudinal and two quasi-shear. Similar behaviour was
also obtained by Kulkarni and Pagano [15] who considered vibrations in fibre reinforced laminates.

A further feature of the graphs shown here for figures (1)—(4) not seen in the corresponding
dispersion curves of a single layer plate under plane strain is that pairs of harmonics appear to
intersect. This is most marked in figures (1) and (2), for # = 15°, in which it appears to the eye
that there are two sets of harmonics intersecting each other. We shall now consider this interesting

behaviour further by considering the dispersion relation in the special case § = /2.

11



0 =0or mw/2

For some of the dispersion curves generated within this section the harmonics appear to intersect
and cross. This numerical behaviour, especially evident in figures (1) and (2), is not present in
the dispersion curves obtained for a single layer by Rogerson and Fu [7] and Rogerson [8] under
the assumption of plane strain and with a direction of propagation parallel to one the principal
directions of the right Cauchy-Green strain tensor. To investigate this further we shall consider
the special case § = 0 and 6 = 7/2, which correspond to a direction of wave propagation parallel

to one of the in-plane principal directions. Setting 6 = 7/2 in equations (2.10)—(2.13) gives

U{q*B2121 + B1122 — Bii1 + pv°} —iP =0,
iU{q*(Bi221 + Ba211 — B2222) + Bi212 — pv*} — ¢*P = 0, (3.3)

W{q*Bas2s — Biziz + pv?} =0,

and the incompressibility constraint now takes the simplified form iU + ¢V = 0. Equations (3.3)1 2
are identical to those previously obtained by Ogden and Roxburgh [6] derived under an assumption
of plane strain, whilst equation (3.3)3 uncouples from the other two equations due to its sole
dependence on W, implying that either W = 0 or

2
2 = % (3.4)

q

The secular equation (2.14) similarly simplifies when 6 = 7/2, and may be expressed as

{723612 — M3+ 002}{721(14 + (pv* = 2612)¢" + 712 — pvz} =0,

from which we can say without loss of generality that ¢? and ¢3 satisfy
214" + (pv* = 2B12)¢* + 712 — pv* = 0, (3.5)

and

2

Y13 — pU

G = ——, (3.6)
V23

where we note in the notation of Ogden and Roxburgh [6] that v12 = a, 812 = 8 and 721 = 7,
equation (3.5) then being identical to their secular equation. Equation (3.6), together with (3.4),
imply that W is dependent only on g3, whilst U and V are dependent only on ¢; and gs. The

solutions of the eigenfunctions U, V', and W are therefore

U= 22: igm (V@m—l)E; - V<2m>E,;) . V= 22: (V(Qm‘l)E;; + V<2m>Eﬂ;) ,

m=1 m=1

W=wOEgf+wOEg;. (3.7)

12



On inserting the form of solutions represented by equation (3.7) into the equations of incremental

traction (2.6)—(2.8) we obtain
- 2
1 m— m)
=" flam) {VETVEL +VEWELL,
i=1

2
2 _ (2m—1) 7+ _ 1/(2m) —
: ; G F(gm) {V Ef -V Em} , (3.8)

T: _
=gy (woOEf -wO g},

where f(gm) = 721(¢% + 1) — 02 and F(q) is defined as F(q;) = f(q;) for i,j € {1,2:i# j}. In
obtaining equation (3.8)s use has also been made of the fact y21(¢? + ¢3) = o — pv?, which may
be deduced from equation (3.5).

The dispersion relation associated with an angle of propagation § = 7/2 is obtained from
equation (3.8) by imposing our usual traction free boundary conditions on the upper and lower
surfaces, namely 7; = 0 for ¢ = 1,2,3 on x5 = +h. Applying the appropriate boundary conditions

to the third equation of incremental traction gives

a3 <W(5)ekq3h _ W(G)efkqgh) —0,

a3 (W(S)efkqgh _ W(6)ekq3h) —0,
which is satisfied non-trivially if g3 = 0 or sinh 2kg3h = 0. The solution g3 = 0, in conjunction with
equation (3.6), gives rise to a non-dispersive shear wave propagating with speed v = \/'le/p along
the Oz, axis, whilst sinh 2kgsh = 0, with g3 # 0, implies that g3 is imaginary. The non-dispersive
shear wave associated with g3 = 0 is termed an exceptional wave. These are homogeneous plane

waves propagating such that the traction on a family of parallel planes is unaffected, see Chadwick

and Whitworth [16]. Setting g3 = ids leads to solutions for W and 73 in the form

W = (WO + WO) cos kjsxy + i(WE — W) sin kisz,,

;—Z =G5 {(W<5> — W) cos kdswy + i(WE + W) sin kq3x2} :

with the subsequent boundary conditions associated with 73 = 0 on x5 = +h being
s {(W<5> — W) cos kgsh + i(WE + W©®)sin kqgh} =0, (3.9)

s {(W<5> — WO cos kdsh — i(W® + W©®)sin kqgh} —0. (3.10)

This system of equations may be manipulated into extensional and flexural waves by appropriate

addition/subtraction of the boundary conditions, thus

Gs(WO — W) coskgsh =0, and  G3(W® + WO)sinkgzh = 0. (3.11)
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The condition that (3.11); and (3.11)3 have non-trivial solutions gives rise to the dispersion re-
lations associated with flexural and extensional waves, respectively, from which exact solutions of

the phase speed can be obtained. Noting that g3 # 0, we have for flexural waves cos kgsh = 0

Ao — +1 l
g =1\{n 2 kh7

which, with equation (3.6), gives the explicit representation of the phase speed

implying that

9 1\* =2
pUT = 713 +’}/23 ’I’L+§ (kh)z (312)

Similarly, for extensional waves sin kgsh = 0, implying that

which, in conjunction with equation (3.6), gives the phase speed as

nm

2
2
= '1

pUT = Y13 + Y23 (kh) ; (3.13)

equations (3.12) and (3.13) relating to horizontally polarised shear waves.
If we now apply the boundary conditions to the two equations for 71 and 75 the resulting system
of equations may then be separated into symmetric and anti-symmetric solutions by appropriate

manipulations, which yield non-trivial solutions provided either

f(q1)Sl f(q2)S2 _ 07 or f(ql)cl f((]Q)CQ -0 (314)

a1 f(q2)C1 q2f(q1)Co a1 f(q2)S1 a2f(q1)S2

Expanding the two determinants in equation (3.14) gives the dispersion relations associated re-

spectively with extensional and flexural waves, namely

01f(g2)°C1S2 — g2 f(q1)*$1C2 = 0,

(3.15)
01f(q2)*51C2 — @2 f(2)*C192 = 0.
A similar analysis in the case § = 0 yields the analogous forms of (3.12) and (3.13) as
2 2
1 s
2
_ 1 3.16
pU= = y31 + Y21 (n—|— 2) )2 (3.16)
and
2 _ nm 2
pPU° = y31 + Y21 (kh) . (317)
The appropriate forms of equations (3.15) are also given by
01£(q2)?C152 — q2f(q1)$1C2 = 0,
(3.18)

01f(g2)*$1C — q2f(q1)?C182 = 0,

14



in which f(q) = v23(¢*> + 1) — 0a.

It would seem that we must consider the dispersion relations (3.15); and (3.13) or (3.15)2 and
(3.12) to adequately compare the dispersion relations for § = 7/2 with those previously obtained
for  # m/2 (and similarly for § = 0). This is considered in the next two figures, (7) and (8),
which show numerical solutions of the dispersion relation for a single layer plate under plane
strain (3.15)1 2 with the horizontally polarised shear wave (SH) (3.12) and (3.13) for extensional
and flexural waves, respectively. The figures have been generated for the material parameters
in table (1) and clearly show the two dispersion curves associated with extensional and flexural
waves, respectively, intersecting. This explains the apparent intersection of harmonics observed
in the numerical section for certain material parameters. The horizontally polarised shear waves
presented in equations (3.12) and (3.13) uncouple from the system only in the particular case
6 =0 or /2. At other angles of propagation these waves cannot be separated and instead lead to

dispersion curves exemplified by figures (1) and (2).

[Figures 7 and 8 about here.]

4 An asymptotic analysis

4.1 Long wavelength limit kh — 0

In the numerical section different low wave number limiting behaviour was observed for extensional
and flexural waves. The limiting behaviour of the flexural dispersion relation is similar to that ob-
served for the symmetric 4-ply laminate and for a single layer, under a plane strain approximation,
in which only the fundamental mode retains a finite value as kh — 0, see Rogerson and Sandiford
[9] and Rogerson and Fu [7], respectively. For extensional waves however, both the fundamental
mode and first harmonic have finite wave speed in this limit, thus giving a total of three long wave
limits for the single layer. This behaviour is in direct contrast to that arising for a single layer plate
when the angle of propagation is along a principal direction, in which only one limit is seen for
both extensional and flexural waves. The low wave number behaviour is now investigated further
by considering analytical representations of the limiting wave speeds.

Before we derive analytical expressions for either the extensional or flexural low wave number
limiting wave speeds it will be of aid to first rewrite the functions G(q, pv?) and ¥ (a, b, pv?) defined

below equations (2.18) and (2.29), respectively, in the form
G(g.pv?) = —o* + 22 (G + G ) + G + 6P ¢* + V¢,
¥(ab, pv?) = ot + 07 (¢§i>a2b2 + 9y (a® +0?) + wé”) (4.1)
) @ + 0 (0 8+ 0,
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where G{™ denotes the O(1) coefficient of 2™¢", with 1/)((;;), 1/)((17_7:1)) and wém) denoting respectively

the coefficients of a?b*v™, (a® + b?)v™ and 9™, these quantities given explicitly by
G =sin?§ cos® 0216 + Yo3€ + 6% — Y3731 — 4P1323 + 2B1302 }
— v138in? 0(2B12 + Y21 — 02) — 31 cos® (2023 + 23 — 02),
GY =23 (731 cos? 6 + sin® 0(2613 + 721 — 02))
+ Y21 (713 sin* 0 + cos® (2823 + Y23 — 02)),
GELO) = — V21723, GéQ) = —(721 + 723),
G(()2) =(713 + 721 + 2B12 — 02) sin® 0 + (Y31 + Y23 + 2623 — 02) cos® b,
(()0) =us {723(721 —o9)(e sin? @ — 31 cos? 0) — v21(23 — 02)(0 cos? 0 4 713 sin® 9)} ,
%(fgb =721723M5 (V21 — V23)5
1#1(1?,) =721723 {sin® 0(723(723 — 721) + Y236 — Y13721)
+ cos® (721 (723 — V21) — V23731 — 1216) }
(()2) =701 (Y23 — 02) (6 cos? O — Y13 5in% 0) — ya3(721 — 02)(esin? O — 31 cos? 6)
+ o2p5(Y21 — Y23),
7/1((12+)b :1/1((5)) = v21723(Y23 — Y21), 1/1(()4) = (Y23 — Y21)02.
We shall now consider in turn the limiting behaviour of extensional and flexural waves in the low

wave number regime.

Flexural waves

The long wave limiting form of the flexural dispersion relation is obtained by allowing kh — 0
in equation (2.29), whilst assuming the speed of wave propagation remains finite, which gives to

leading order

kh{qiG(q1, pv* (g2, a3, pv*) (3 — 43) — 3G (a2, pv°) (a1, a3, p0°) (G — G3)

+43G (g3, p0*)0(q1, 42, p0*) (6 — g3)} = 0. (4.2)

On inserting the representations of G(g, pv?) and ¥ (a, b, pv?) shown in equations (4.1), making use

of equation (2.14), and after a little algebraic manipulation, we find that either ¢ = ¢3, ¢¢ = ¢3,
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2 _ 2
q3 = q3 or

° {1/’((12-217 + Géo) (()4) — (v21 + 723)g W 4 1,0(2) + wfjb}
ot {u0 - 6 + GPu + GO +
0 2) 0
—(Ya1 +123)08) + —p2 7/’6(1+b + T/JC(Lsz — (s + ps)053) + 0 )}
+ 2 { =GP, + AP0 — G, + 6P + g
—(y21 + ’st)w(()o) + Msl/h(li) - H2¢((£3b + M4N5¢g) — (pa + M5)¢¢(1?,)}
0) , (0 0) , (0
GO0, + P + i + s+ syl = 0. (4.3)
Equation (4.3) is a cubic in 92 and suggests that there are in fact three finite limiting wave speeds
as kh — 0. However, numerical investigation of equation (4.3) shows that two of the solutions are
spurious and arise from pv? = us and ¢; = ¢2. These two solutions are spurious in the sense that
they lead to non-dispersive solutions. The remaining solution of equation (4.3) is then the real

limiting wave speed for fundamental mode as kh — 0, and agrees with the numerical solutions of

the dispersion relation.

Extensional waves

The leading order form of the extensional dispersion relation (2.32) for small kh is

a192q3kh {G(q1, pv*)¥ (a2, g3, pv°) (a5 — 43) — G(g2, pv*)¥(q1, g3, pv*) (5 — 43)

+G(gs, pv*)(q1, g2, p0*) (6} — ¢3)} = 0. (4.4)

The common factors qi1g2g3 = 0 lead to spurious roots in the sense of non-dispersive shear wave
speeds pv? = py and pv? = ps. If we now insert the representations of G(g,, pv?) and v (a, b, pv?)
shown in equations (4.1) into the above equation, and remove the common factor ¢;g2qs, we find

either
(@7 — &) (a — a3) (a5 —a3) =0,

or

- 1/}(17 Ch Y ( ¢(?,) + Géz)wg)) + Gio)w(()4) 2)wa+b)
32 (G0 - 624, + GOu - 694, + GPut2)
+ (680 - G, + 6 PVu) = 0. (45)

Equation (4.5) is again a cubic in 92, suggesting that we again have three finite limiting wave speeds
as kh — 0. However, in this case numerical solutions of this equation shows that one of these roots

is spurious and is a non-dispersive shear wave speed associated with ¢; = g2. The remaining two
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roots are then the two limiting wave speeds of the extensional wave dispersion relation and agree
with results obtained numerically.

Numerical solutions of (4.5) shows that as § — 90° one of the solutions is pv? = 713, the speed
of the non-dispersive (exceptional) polarised (SH) shear wave in the case § = 90°, associated with
n = 0 in equation (3.13). A similar situation occurs as § — 0°, when one of the solutions of
equation (4.5) is pv? — <31, which is again a non-dispersive polarised (SH) shear wave. This is

relatively easy to show by setting § = 0° or § = 90° in equation (4.5), to obtain

(v31 — pv?)(pv® — 2Bo3 — 2723 + 202) (pv® (Y23 — Y21) — V210 — Y23731) = 0, (4.6)

or

(pv* = m3)(pv® — 2B12 — 2v21 + 202) (pv*(y21 — Y23) — Y2s€ — Y21713) = 0. (4.7)
The first factor of equation (4.7) is the exceptional (SH) wave associated with a direction of
propagation along the Ox; axis, the second factor is the appropriate long wave limit obtained by
Rogerson [8], whilst the third factor is a spurious solution associated with ¢; = ¢3. The three

factors of equation (4.6) are the analogous factors associated with a direction of propagation along

0333.

4.2 Surface waves

We first consider the high wave limiting behaviour of the extensional and flexural dispersion re-
lations when ¢q1, g2 and g3 are either all purely real or one real with one complex conjugate pair.
From previous investigations, see for example Ogden and Roxburgh [6], we expect this situation
to give rise to a surface wave in the high wave number limit, and this is supported numerically.

Allowing kh — oo in either equation (2.29) or (2.32) then gives

a1G(q1, pv*)Y(q2, a3, pv*) (@5 — 43) — 32G (g2, pv*)¥(q1, g3, pv°) (aF — 43)

+ g3G (g3, pv*)0(qr, g2, pv°) (g7 — @3) = 0. (4.8)

On inserting the definitions of G(q) and ¢(a,b) indicated in equation (4.1), and after a little

algebraic manipulation, we obtain

010293(q1 + q2 + ¢3){AE — BF +CG}
+ (142 + 103 + 4243) {AF + BG + CE(qiq343) + CF (43 a5 + 4ia3 + @ + a3) + CG(d5 + @5 + 3)}
+ (CF = BEN G a363) — AF (i + a3 + 43) — AG + (CG — BF) (15 + 6143 + d543) =0,  (4.9)
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where

A=-o*+600 + G, €=,
B=vG + G, F =092 + 0,
¢c=ay, G =ty + 00 + .

The surface wave speed for a particular set of material parameters will clearly depend on both
the angle of propagation and o9 and this is shown in figures (9) and (10). Both figures have been
generated using the material parameters shown in table (1). Figure (9) shows the variation of the
surface wave speed with o9 for fixed 6. For these material parameters we clearly have a greater
range of configurations which will support a surface wave for smaller angles of propagation. For
each curve the range of oy for which surface wave propagation is possible is the region bounded
by the curve. In addition, the greatest value of vy for each curve corresponds to a shear wave,
the appropriate value of oy then indicating the value at which the surface wave degenerates into a
shear wave. Figure (10) shows the variation of the surface wave speed with 6 for a fixed value of
o2 = 0.8. The solid line indicates the surface wave speed, and the two hashed lines represent the
values of the two shear waves. The surface wave speed is clearly bounded by the two shear waves,
as it is known that pv% < min (pa, p5), with the surface wave degenerating into a shear wave as
0 approaches 0° and 90°. It is worth noting that this behaviour is particular to these material
parameters and is not indicative of the general variation of the surface wave speed with 6. With
appropriate choice of o9 situations exist in which a surface wave exists for all 8, or conversely does
not exist for all . We note that the innermost range of o2 (0 < 6 < 7/2) indicates the region of

stability for the plate in respect of quasi-static surface deformations.

[Figures 9 and 10 about here.]

4.3 Short wavelength limit of the harmonics kh — oo

Guided by our previous numerical calculations we now seek to obtain an asymptotic representation
of the phase speed associated with all harmonics in the high wave number regime. Due to the
increased complexity of the dispersion relation associated with a general angle of propagation,
when compared with previous plane strain studies, attention is restricted to the two cases pv? — jiy
and pv?2 — ps. Numerical calculations indicate that these two limits arise when, without loss of
generality, g1 = i is imaginary while ¢» and g3 are either both purely real or complex conjugates,
and that ¢ — 0 as kh — oco. In general ¢o and ¢3 retain finite magnitudes. The actual limiting
value of the phase speed is dependent on the relative magnitudes of p4 and ps, with pv? tending
to the lower of these two values. An approximation to the phase speed is therefore sought by

expanding all terms within the dispersion relation in powers of the small order quantity ¢;. An
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expansion for the phase speed may be obtained in terms of ¢; by writing equation (2.14) in the

form

p*ot (@ +1) — PU2{(721 + Y03) Gt + poGd + pa + ,u5}

+ 72172345 + p1dt + padi + paps = 0. (4.10)

Equation (4.10) will yield two solutions for pv?, corresponding to the two limits pv? — 4 and

pv? — s, namely
R - + N .
pv? = g — G palpa — po) + pi YOG, if pa < ps, (4.11)
Ha — Hs
. — p2) + . .
pv? = s — i N5(MZ 'u;l s oG, if pus < pa. (4.12)
5 —

Similar expansions for ¢3 and ¢3 are found by eliminating ¢5 from the standard equations for the

sum and the sum of the products of two roots of equation (2.15), thus

Y1723 + a3 (Y21 + Y23)pv? — V2172367 }

+ (p*0* — papv® + p3) — G1{(v21 +v23)pv® — 1} + O(G1) =0, (4.13)

which seemingly yields two values of ¢5. However, it is easily verified that on eliminating ¢3, rather
than ¢3, a quadratic in ¢3 is obtained with the same coefficients as equation (4.13). The two roots
of this quadratic equation therefore correspond to the values of ¢3 and ¢3, and we take without
loss of generality ¢3 to be associated with the positive square root of the discriminant. As equation
(4.13) depends on the phase speed, we must insert one of equations (4.11) and (4.12), appropriate
to the limiting value of the phase speed, into equation (4.13), before finding the two roots, thus

Z=a"+0@), E=3"+0@), (4.14)

where q’éo) and qgo) are order 1 terms defined as

— +
i pv2 g (jé ),(7:(), ) _ M1 pa(y21 + v23) £ K1 (pa)
27v21723

(0) (0) _ M1 — Hs(v21 + Y23) K1 (5)
qs "543 " = 9
V21723

)

ifp’[)2~>1u,5 : ’

within which

5 1/2
k1(pv?) = {[(721 + Y23)pv° — 1] — 421723 (p* 0"t — popv® + MS)}

We shall now consider extensional and flexural waves separately.

4.3.1 Flexural waves

When deriving the leading order expansions of the dispersion relation care must be taken as the

order of ¥ (a, b, pv?) changes depending on the limiting value of pv?. In the limit pv? — us5 a glance
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at the definition of v (a, b, pv?), see immediately after equation (2.29), shows that the leading order
term (which is in general O(1)) will vanish, thus changing the order of ¢(a, b, pv?) and subsequently
the leading order term of the dispersion relation. The two limits pv? — py and pv? — ps must

therefore be considered separately.

(i) Limit pv? — py

In the case pv? — p4 the dispersion relation for flexural waves may be written to leading order by

making use of equation (4.14). Inserting the appropriate expansion for pv? from (4.11) yields

0G0, 1) (g5, 4 1a) (@5 — a5”) tan kih
= a8, 1) (0,657 1)a" = 05" G (g, pa) (0,68 ) @s” + O(a),  (4.15)
where ¢1 = 141, qéo) = \/@ and qéo) = \/@ are the order 1 parts of g2 and g3, and G(0, u4) is
the order 1 quantity associated with G(g1), such that
G(q1, pv*) = G(0, pa) + O(n)?,

and so on for G(qéo), 4), ete. It is inferred from equation (4.15) that ¢; tan kg1h ~ O(1), implying

that as kh — oo, tan kg1h — oo and ¢; — 0, thus

G = <n + %) % +O(kh)™2. (4.16)

By making use of the appropriate expansion for pv? in equation (4.11) a second order expansion

to the phase speed is obtained, namely

2 2
1 7w pa(pa — p2) + p3 _
2 3

vy =g — [N+ = + O(kh)™>, n=0,1,2,3,... . 4.17
R R e (i) @.17)

A higher order expansion for the phase speed is obtained by setting

1\ =« 10}
i~ ) =+ +O(kh)™? 4.18
i~ (04 5) 1+ g+ ORI, (1.18)
from which we infer
—kh

tan kjh = vy + O(kh)™t. (4.19)

Inserting the expansions shown in equations (4.18) and (4.19) into the dispersion relation (4.15),
and equating like powers of kh, yields
G(0, 1) 08", 1a) @ — a5”) 1
@007 (0 37 0) Q 0 370 @ ntg)m (420
q; "9q3 {(I2 G(gy 7" 1a)¥(0,05 7, pa) — g3 " G(ay ", pa)p(0, g3 aﬂ4)}

Finally, a third order approximation to the phase speed is obtained by making use of equation

(4.20) in (4.11), thus

pa(pea — pr2) + p3 <n+l>2 2
ba — M5

¢ =

Pvi = M4 —
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where Qg = ﬁ

(ii) Limit pv? — ps

We have mentioned that in the limit pv? — pus the leading order term of v(qi,qo, pv?) and
¥(q1,q3, pv?) changes. It may be readily shown from the definition of v(a, b, pv?) that the leading
order term of 1(q1, g2, pv?) and 1 (q1, g3, pv?) are now order O(G?), whilst the leading order term
of ¥(qa, q3, pv?) remains order 1. The leading order terms of v (q1, g2, pv?) and ¥(qi1, g3, pv?) are
obtained by inserting the expansion for the phase speed (4.12), appropriate to this case, into the

definition of 1 (a, b, pv?) given immediately below equation (2.28). If this is done we obtain

b(g1, go, %) = —@ET(G) +0(Gh),  dlar, g3, pv*) = —@T(a) + O(G}), (4.22)

where I'(q) is defined to be
I'(q) = 721723(12{(723 — ¥21) (Y21 cos” 0 + a3 sin® 6 + i)

~+ Yo3 (6 sin’ 0 — 31 cos? 9) — Y21 ((5 cos? 0 — 13 sin? 9) }

- + .
+ Ko (MZ NZ) = {721723(’)’23 - 721)612 — Y21(723 — 02) (5 cos” § — Y13 sin” 6 + W)
5 — M4

+ Y23(v21 — 02) (6 sin? 6 — g1 cos? 6 + ,u5)},

By using equation (4.22), in conjunction with the expansions for the phase speed (4.12), the

dispersion relation (2.29) may be written to leading order in the form

01G(0, 15) (a5, 65", 15) (@ — @57 tan ki h
= @, )T (@) — a3 G (@S, 1s)T(g3)} + O(a?), (4.23)

from which it is deduced that O(1) tan kg1h ~ O(g1), implying that as ¢ — 0 tan kg1 h — 0, and

therefore
i — —— kh 4.24
G = kh . O(kh)~? (4.24)
A second order expansion of the phase speed is obtained by making use of equation (4.24) in (4.12),
namely
2 _ (_) ps(ps — p2) + pis
Ve = + O(kh 4.25
S R VY S TRTY (k)™ (4:29)
We then seek a higher order expansion of the phase speed by setting
. P2 P2
= — O(kh tankgih = — + O(kh . 4.26
Q1 kh+(kh)+ (kh)~® an K qi wn T (kh)~® (4.26)

Inserting the expansions shown above in equation (4.26) into the leading order term of the disper-
sion relation (4.23), and on comparing like powers of kh, it is deduced that
0) (0)5 (0 0 0 (©
005" {0 Glas” 1) (a5”) — 05" Glay” )T (5™}
0 0)
GO, pa)v(a” a5 s )( 3" — )

P2 = (4.27)
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A third order expansion of the phase speed is then derived by inserting equation (4.27) into (4.12),

giving

o ks(ps — p2) +ps nmy2 2. —4 _
pU° = s o (kh) (l—i-khgbg + O(kh)™%, n=123,... . (4.28)

where ¢y = da/7.

The asymptotic expansions derived in equations (4.21) and (4.28) are compared graphically
with numerical solutions in figures (11) and (12), respectively. The numerical solutions have been
generated using the material parameters in table (1). In figure (11) 8 = 75° and the limiting
wave speed of the harmonics is pv? = 4. Asymptotic expansions are superimposed on numerical
solutions for the first four harmonics and indicate a reasonable degree of accuracy. For figure (12)
the angle of propagation is § = 15° and the limiting wave speed of the harmonics is therefore
pv? = us. We again obtain a reasonable approximation to the phase speed, especially for the
first and second harmonics. As the harmonic number increases we find that a larger value of kh
is required before we obtain a reasonable approximation. This is to be expected as within the

asymptotic expansions (4.21) and (4.28) we require n < kh.

[Figures 11 and 12 about here.]

4.3.2 Extensional waves

Now consider the corresponding limits for extensional waves in the single layer. Again, we shall

investigate the two limits pv? — p4 and pv? — us separately.

(i) Limit pv? — pg

The dispersion relation for extensional waves (2.32) may be represented in the high wave number
regime to leading order by making use of the expansions in equations (4.11), (4.12) and (4.14),
thus

N 0 0 —(0 (0
01 G0, 1) (g, 68" na) (@ — a5”) =

{6766, 10606 10)al” - o 66 pa) 00,08, 1)l } tankih + O(a?),  (4.29)
from which is deduced that O(¢1) ~ O(1) tan kg h. This implies that tan k¢1h — 0 as G — 0, and

A nm _
Q= F O(kh)™2. (4.30)

A second order expansion of the phase speed is obtained by inserting equation (4.30) into (4.12),

namely

2 —
oo = () BT o wm
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A higher order expansion is again sought by setting

. ¢3
“= kh = (kh)?

?3

+ O(kjh)_Q, tan kélh = W

+O0(kh)™® . (4.32)

On inserting equation (4.32) into the leading order term of the dispersion relation (4.29) it is found

that

G(0, )t (¢, 8", 1)@ — a5”)
0 a8V G (65" 1a) (0,487, pua) — 4 G, pua)ib (0, 05, j1a) }

¢3 = n, (4.33)

where it is noted that ¢3/nm = é The appropriate expansion of the phase speed is then obtained
by inserting equation (4.33), in conjunction with (4.32), into equation (4.13), thus

o palpa — p2) +ps mm 2 2, 4
po2 = r— (%) {Hkhaﬁ +O(kh)

n=1,23.. . (434)

(ii) Limit pv? — ps

The leading order term of the extensional dispersion relation as pv? — ps is obtained by making

use of equations (4.13), (4.14) and (4.22) in the dispersion relation (2.32), to obtain

Q1G(0,,u5)¢(qé ),qéo),/i )(a _(0) _(0))

= g (@l s (@) — 03" G(aS”, 1s)T(g3) } tan kdnh + O(g}).  (4.35)

From equation (4.35) we deduce that O(1) ~ O(§y) tan kg h, implying that tankg h — oo as

q1 — 0, and therefore

1

1= — 4+ O(kh 4.36

iv=(n+ ) 7 + 0w (4.36)

A second order expansion of the phase speed is obtained by inserting equation (4.36) into (4.13),
giving

2 2
1 T ps(ps — p2) + p3 _
2 3
vy =5 — N+ = + O(kh)™, n=0,1,2,... . 4.37
Pin =10 ( 2) (kh)? g5 — s (kh) (4.37)

A higher order expansion is again sought by setting

—kh
Q= <n + 1) o + (k(é;l) + O(kh)™3, tan kg h = N +O0(kh)™2 . (4.38)

Inserting the expansions indicated above into (4.32), and on comparing like powers of kh it is

deduced that

Gy =

0”0 {as” %,MW(@>qﬁm%,%w<@n(n
G0, ps)ilay” 5" )@ — ")
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where it is again noted that ¢4/(n + 0.5)1 = ¢o. Finally, inserting equation (4.39) into (4.12)

yields a third order expansion of the phase speed, namely

2 2
2 s (s — p2) + ps 1 m 2 . 4
= s — — 1+ — kh
pUn = U5 pr— (n+ 2> (o2 { + kh¢2 + O(kh)™*%,

n=0,1,2,... . (4.40)

The asymptotic expansions obtained in equations (4.34) and (4.40) are compared graphically
with numerical solutions in figures (13) and (14), respectively. The numerical solutions are again
generated for the material parameters indicated in table (1). The angle of propagation in figure
(13) is # = 75°, which corresponds to limiting wave speed of pv? = p4, while in figure (14) 6 = 15°
and the limiting wave speed is pv? = ps. In both cases we obtain a good approximation to the

phase speed.

[Figures 13 and 14 about here.]

References

[1] Chimenti, D.E., “Guided waves in plates and their use in material charicterisation,” ASMFE

Appl.Mech.Rev., vol. 50, pp. 247-284, 1997.

[2] M. A. Hayes and R. S. Rivlin, “Surface waves in deformed elastic materials,” Arch. ration.

mech. Anal., vol. 8, pp. 358-380, 1961.

[3] J. N. Flavin, “Surface waves in pre-stressed Mooney material,” Q. JI Mech appl. Mech, vol. 16,
pp. 441-449, 1963.

[4] P. Chadwick and D. A. Jarvis, “Surface waves in a pre-stressed elastic body,” Proc. R. Soc.
Lond. A., vol. 366, pp. 517-536, 1979.

[5] M. A. Dowaikh and R. W. Ogden, “On surface waves and deformations in a pre-stressed

incompressible elastic solid,” IMA J. of Appl. Math., vol. 44, pp. 261-284, 1990.

[6] R. W. Ogden and D. G. Roxburgh, “The effect of pre-stress on the vibration and stability of
elastic plates,” Int. J. Eng. Sci., vol. 30, pp. 1611-1639, 1993.

[7] G. A. Rogerson and Y. B. Fu, “An asymptotic analysis of the dispersion relation of a pre-
stressed incompressible elastic plate,” Acta Mechanica, vol. 111, pp. 59-77, 1995.

[8] G. A. Rogerson, “Some asymptotic expansions of the dispersion relation for an incompressible

elastic plate,” Int. J. Solids Structures, vol. 34(22), pp. 2785-2802, 1997.

25



[9]

[15]

[16]

G. A. Rogerson and K. J. Sandiford, “Flexural waves in incompressible pre-stressed elastic

composites,” Q. Jl Mech. appl. Math., vol. 50(4), pp. 597-624, 1997.

G. A. Rogerson and K. J. Sandiford, “On small amplitude vibrations of pre-stressed lami-

nates,” Int. J. Eng. Sci., vol. 34(8), pp. 853-872, 1996.

P. Connor and R. W. Ogden, “The effect of shear on the propagation of elastic surface waves,”

Int. Engng. Sci., vol. 33(7), pp. 973-982, 1995.

P. Connor and R. W. Ogden, “The influence of shear strain and hydrostatic stress on stability
and elastic waves in a layer,” Int. Engng. Sci., vol. 34(4), pp. 375-397, 1996.

P. M. Sheridan, F. O. James, and T. S. Miller, “Design of components,” in Engineering with
rubber (A. N. Gent, ed.), pp. 209-235, Munich:Hanser, 1992.

A. H. Nayfeh, “The general problem of elastic wave propagation in multilayered anisotropic

media,” J. Acoust. Soc. Am., vol. 89(4), pp. 1521-1531, 1991.

S. V. Kulkarni and N. J. Pagano, “Dynamic characteristics of composite laminates,” Journal

of Sound and Vibration, vol. 23(1), pp. 127143, 1972.

P. Chadwick and A. M. Whitworth, “Exceptional waves in a constrained elastic body,” Q. Ji.
Mech. Appl. Math., vol. 39, pp. 309-325, 1986.

26



